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Abstract Multisensor recordings are becoming common-
place. When studying functional connectivity between dif-
ferent brain areas using such recordings, one defines regions
of interest, and each region of interest is often characterized
by a set (block) of time series. Presently, for two such regions,
the interdependence is typically computed by estimating the
ordinary coherence for each pair of individual time series and
then summing or averaging the results over all such pairs of
channels (one from block 1 and other from block 2). The aim
of this paper is to generalize the concept of coherence so that
it can be computed for two blocks of non-overlapping time
series. This quantity, called block coherence, is first shown
mathematically to have properties similar to that of ordinary
coherence, and then applied to analyze local field potential
recordings from a monkey performing a visuomotor task. Itis
found that an increase in block coherence between the chan-
nels from V4 region and the channels from prefrontal region
in beta band leads to a decrease in response time.
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1 Introduction

In neuroscience, multielectrode technology is increasingly
being used to simultaneously record neuronal activity in dif-
ferent regions of the brain to investigate the dynamics of
large-scale functional networks (Bressler et al. 1993; Jain
et al. 2001; Liang et al. 2002; Kus et al. 2004; Zhang et al.
2008). There exist many tools to investigate the resulting
multivariate data (Kaminski and Blinowska 1991; Lutke-
pohl 1991; Bernasconi and Konig 1999; Friston et al. 2003;
Harrison et al. 2003; Korzeniewska et al. 2003; Brown et al.
2004; Lungarella and Sporns 2006; Tang et al. 2008). Exam-
ples in the spectral domain include coherence and Granger
causality (Granger 1969; Geweke 1982, 1984; Lutkepohl
1991; Boudjellaba et al. 1992; Rosenberg et al. 1998; Ding
et al. 2000; Baccala and Sameshima 2001; Kaminski et al.
2001; Jarvis and Mitra 2001; Hesse et al. 2003; Brovelli et al.
2004; Chen et al. 2004; Roebroeck et al. 2005; Chen et al.
2006a,b; Ding et al. 2006; Dhamala et al. 2008a,b; Wu et al.
2008). There is, however, a lacuna in this suite of investi-
gative tools. Currently, coherence is defined only between a
pair of univariate processes (each modeling a single chan-
nel of observed data). Therefore, if one wants to assess the
interrelationship between two regions of interest where each
region is characterized by a set of more than one recording
channels, coherence is not a convenient tool since it has to
be computed individually for each pair and then somehow
averaged over all pairs. Computing coherences for each pair
does not take into account the internal dynamics within each
region of interest. This can be properly accounted for only if
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the data from all the channels in a given region are modeled
as a realization of a multivariate stochastic process.

On the other hand, Granger causality does not suffer from
the above shortcomings since it can be defined between two
multivariate processes (Geweke 1982; Wang et al. 2007;
Ladroue et al. 2009). Moreover, there exists a relation
between Granger causality and coherence for a pair of univar-
iate processes (Geweke 1982). By extending this relationship
to a pair of multivariate processes, we propose a measure
called block coherence. This quantity generalizes ordinary
coherence to coherence between two multivariate processes
which in turn can model time series data from two blocks of
channels (or regions of interest). Block coherence is equiv-
alent to generalized coherence defined by Pascual-Marqui
(2007), a reference we were made aware of following the
submission of the present work. However, in this paper, we
rigorously study the properties of block coherence, intro-
duce intra-block coherence, define partial block coherence,
and point out situations where such measures can provide
additional information.

If we consider all the channels, the number of pairwise
coherences to be computed scales as (g) where 7 is the num-
ber of channels (which is quite large in current imaging tech-
niques). The number of block coherences to be computed
scales only as (’;’) where m is the number of regions of inter-
estand m is typically much smaller than n. Even though com-
puting ordinary coherences for a large ensemble of channels
is feasible using nonparametric spectral methods, the compu-
tational cost becomes significant if one also wishes to assess
the statistical significance of the computed ordinary coher-
ences using random permutation tests via resampling.

It should be pointed out that measures like correlation and
coherence only account for linear relationships. The brain is
inherently a nonlinear system. Nevertheless, linear tools have
been widely used in data analysis, as they are easy to com-
pute and yield physiologically interpretable results. Further,
nonlinear techniques require a much larger amount of data
for analysis, which is not always experimentally feasible. In
addition, one is often forced to analyze short time segments
of data as the data from neuroscience experiments is typically
non-stationary. This imposes a significant constraint on using
nonlinear techniques to analyze neurobiological data.

The plan of the paper is as follows. In Sect. 2, we define
block coherence and study its properties. We show that it has
all the desirable properties that ordinary coherence has. Fur-
ther, it reduces to ordinary coherence in the case of a pair of
univariate processes. Numerical simulations are presented in
Sect. 3 to illustrate the utility of block coherence. In Sect. 4,
we apply block coherence to study the local field potential
recordings from the brain of a monkey performing a visuo-
motor task. Conclusions and discussion are given in Sect. 5.
Mathematical proofs of various results are given in the three
appendices.
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2 Block coherence

Let

X(t) = [X1(t), X2(t), .., Xm(D]",
Y(t) = [Yi(), Ya(t), ..., YD1,

denote an m-dimensional and an n-dimensional stationary
stochastic processes, respectively (Lutkepohl 1991). Here T
denotes the transpose. In this paper, we are interested in ana-
lyzing relationships between these two multivariate stochas-
tic processes in the spectral domain.

2.1 Definition

We denote the (m x m)-dimensional spectral density matrix
of X (1) by Sxx (f)

Sxix: () Sxix,(f) Sx1 %, ()

Sx.x1 () Sxox,(f) Sx2%, ()
Sxx(f) = : : : , (D

Sxux1 () Sx,x:(f) -+ Sx,x, ()

where Sy, x i (f) is the cross spectral density function (Perci-
val and Walden 1998) of X; and X ; atfrequency f. Similarly,
the (n x n)-dimensional spectral density matrix of Y (¢) is
denoted by Syy (f). Now consider the (m + n)-dimensional
stochastic process

Zoy=1xn" v’

which we assume to be stationary. Denote the corresponding
(m + n) x (m + n)-dimensional spectral density matrix by
Szz(f), or more explicitly as Syx,y (f).

We are interested in quantifying linear relationships
between the two multivariate processes X (¢) and Y (¢) in
the spectral domain. If X (¢) and Y (¢) are univariate pro-
cesses, there already exists a widely used spectral domain
measure called (ordinary) coherence (Lutkepohl 1991). The
(ordinary) coherence between X (¢) and Y (¢) (for the univar-
iate case) at frequency f is defined as

Sxy ()I?
Sxx()Syy(f)
If X(z) and Y (¢) are multivariate, a measure of total lin-

ear association between X (¢#) and Y (¢) can be defined as
(Gel’fand and Yaglom 1959; Geweke 1982):

Cxy(f) = (2)

— 1 /ﬂ . ( det[Six, v ()]
Xy =5— [ In
: 27 det[Sxx (f)]det[Syy (f)]

) af.  3)

When X () and Y (¢) are Gaussian, Eq. 3 is related to mutual
information between X (z) and Y (¢) (Gel’fand and Yaglom
1959; Brillinger and Guha 2007).
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When X (¢) and Y (¢) are univariate, the above expression
reduces to

o= (-

Further Eq. 4 can be shown to be equivalent to (Gel fand and
Yaglom 1959):

ISxy (f)I?

df. 4
Sxx(f)SYY(f)) f “@

1 T
Fxy= o /ln(l —Cxy(f)df, (5)
T

where Cxy (f) is the ordinary coherence defined earlier.

We now propose a quantity that measures coherence
between two multi-variate processes X (¢) and Y (r). We call
this quantity block coherence since each multidimensional
stochastic process represents a block of channels in signal
processing applications. We define block coherence such that
itis related to Fx y in the same way that ordinary coherence
is related to Fx y (for the case of univariate X (¢) and Y (¢)).
Thus, we have the following definition.

Definition Let X (¢) and Y (¢) be two multivariate stochastic
processes, then the block coherence between X (¢) and Y ()
at f is defined as

det[Srx, v1(f)]
~ det[Sxx (/)] det[Syy (N’

where Sxx(f), Syy(f), and S;x,y)(f) are spectral density

cPf) = (6)

matrices of X (1), Y(t), and [XT (1), YT(t)]T, respectively.
Comparing with Eq. 3, we get
1 w
Fyy=— / ln c“%\)) )
2
—7T

The above definition of block coherence was motivated by
the univariate case. We now check that block coherence thus
defined is well defined and has all the desired properties of
coherence. The block coherence defined above is well defined
for a given frequency f only if Sxx (f) and Syy (f) are non-
singular at that frequency. Note that the same situation exists
even for ordinary coherence Cyy(f) where X (¢) and Y ()
are now univariate processes. Cxy (f) is well defined at a
frequency f only if Sxx and Syy are non-zero at that fre-
quency. Returning to block coherence, the spectral density
matrices Syx (f) and Syy (f) can become singular at partic-
ular frequencies since these matrices are only guaranteed to
be positive semi-definite (Rozanov 1967). If block coherence
is to be well-defined for all frequencies, we need to impose
the condition (as shown in Appendix A) that X (¢) and Y ()
can be represented by finite order stationary autoregressive
processes.

2.2 Properties of block coherence

Block coherence possesses properties similar to the proper-
ties of ordinary coherence.

Property 1
0<CHH <1, Vf.

By using the generalized Hadamard’s inequality (Friedland
1975; Mitrinovic et al. 1993), we can show that

det[Six,y1(f)] < det[Sxx (f)]det[Syy (/)] ®)

Using this inequality and the positive semi-definite property
of spectral density matrices (Rozanov 1967), it is clear that
0<CYH(NH=TV .

Property 2 If X (t) and Y (t) are uncorrelated at a frequency
f then CE)(f) = 0.

Consider X (¢) and Y (¢) to be uncorrelated, then

Sx;v; (f) =0,

Thus, Six,y)(f) is a block diagonal matrix (Horn and
Johnson 1990) and hence det[Six,y1(f)] = det[Sxx(f)]

det[Syy (f)]. Hence from Eq. 6, C\%)(f) = 0 for all f.

i=12,....m; j=12,...,n

Property 3 If X(t) and Y (t) are completely correlated at a
frequency f then C ;BY) (f)=1

This follows from the fact det[S;x y;(f)] = 0 when X (¢)
and Y (¢) are completely correlated at that frequency.

Property 4 The block coherence reduces to ordinary coher-
ence for univariate stochastic processes.

This property can be easily deduced by calculating block
coherence for a pair of univariate stochastic processes.

Property 5 The block coherence reduces to multiple coher-
ence when one block contains an univariate stochastic pro-
cess.

Let X () be an univariate stochastic process and Y (¢) be an
n dimensional stochastic process. Then the relevant spectral
density matrices are

Sxx(f), 9)
Sxy (f) =[Sxy, (f) -~ Sxv, ()], (10)
Syx(f) = Sxy (), (11)
SY1Y1 (f) SY1Y2(f) : SY]Y,, (f)
SY2Y1 (f) SY2Y2 (f) : SYZYn (f)
Syy(f) = : : : (12)
Sy,ri(f) Sr,r,(f) -+ Sy,v,(f)
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Here * denotes the Hermitian conjugate. The multiple
coherence between X () and Y (¢) is defined as

Sxy (F)Syy(F)Syx(f)
Sxx(f) .

Now, the block coherence between X (¢) and Y (¢) is given
by (from (6))

vy (f) = (13)

)
o det[Six,y1(S)D
det[Sxx (f)]det[Syy(f)]
(det[Syy ()]

~ detlSxx (/)] detlSyy ()]
x (detlSxx (f) = Sxr (NSFH(NSyx ()

_ (det[Syy (f)])
Sxx (f) det[Syy ()]

x (Sxx(f) = Sxr (NS (NSrx ()

_ Sxr(N)Syy(N)Syx(f)
Sxx(f)

Here, we have used the properties of positive definite and
partitioned matrices (Horn and Johnson 1990), the fact that
Sxx(f) and Sxy(f)S;}l;(f)Syx(f) are scalars (implying
that det[Sxx (f) — Sxy(f)Syy (H)Syx ()] = Sxx(f) —
SXy(f)S;;(f)SYX(f)) and Eq. 13. Thus, block coherence
reduces to multiple coherence in the above case.

Property 6 If S;x,y (f) is positive definite at frequency f,
its determinant decreases monotonically as the magnitudes
of the cross spectral densities increases (see Appendix B
for a proof) which in turn implies that the block coherence
increases as the pairwise coherences increase.

In summary, ng,) (f) has all the properties of coherence
and is clearly a proper generalization of ordinary coherence
which is defined only for a pair of univariate stochastic pro-
cesses.

For evaluation of the statistical significance of block
coherence, one can use the random permutation test (Efron
and Tibshirani 1993; Brovelli et al. 2004) when data from
multiple trials is available. This random permutation proce-
dure can be used to build a baseline null-hypothesis distribu-
tion from which statistical significance is derived. Consider
two multivariate processes with many repeated realizations.
We can reasonably assume that the data from different real-
izations are approximately independent of one another. Ran-
domly pairing data for the first multivariate process with data
for the second multivariate process from a different trial leads
to the creation of a synthetic ensemble of trials for which there
is no interdependence between the two processes based on
construction, but the temporal structure within each process

@ Springer

is preserved. Performing such random pairing with many
different permutations will result in a distribution of block
coherence corresponding to the null hypothesis of no statis-
tical interdependence. The calculated value from the actual
data is compared with this baseline null hypothesis distribu-
tion for the assessment of significance levels. A phase shuf-
fling approach can also be used to generate null hypothesis
distributions (Prichard and Theiler 1994).

2.3 Intra-block coherence

Definition Consider a single multivariate stochastic process
X (¢). Its intra-block coherence is defined as

det[S
C;B)g(f)zl— et[Sxx ()] _
SX]X| (f)SX2X2(f) e SXme (f)
To be more precise, C)(f;) (f) defined earlier [cf. Eq. 6] should

be called the inter-block coherence and C\5)(f) defined
above the intra-block coherence.

s5)

Further, ngg (f) can be taken as the strength of the common
reference signal present in all channels within the block. This
would be particularly true if X (¢) is taken such that it com-
prises channels that are not expected to have any neurobio-
logical interaction at that frequency.
Properties of Intra-block coherence

[i] Intra-block coherence takes values between 0 and 1.

[ii] One can easily show that as cross spectrum between
the channels increases, the intra block coherence also
increases (using the Theorem 2 in Appendix B).

2.4 Partial block coherence

Usually, systems are governed by more than two processes.
These processes are directly or indirectly linked to each other.
Partial coherence is a measure of coherence between a pair
of univariate processes conditioned on another process (Albo
et al. 2004; Schelter et al. 2008). Let X (1), Y (¢), and Z(t) be
three univariate stochastic processes, then the partial coher-
ence between X (¢) and Y (¢) conditioned on Z(z) at f is
defined in terms of partial spectral densities as

[Sxy1z(N)]
[Sxx1z(H] [Sryiz(H]

where partial cross spectral density conditioned on Z(¢) is
given by

Cxyiz(f) =

(16)

S S
Sxrz(f) = Sxy (f) — %(zf))((f) (17)

This concept can be extended to multivariate processes.
If X(¢), Y (), and Z(¢) are three multivariate stochastic pro-
cesses, then the partial block coherence between X (¢) and
Y (¢) conditioned on Z(¢) at f is defined as



Biol Cybern (2011) 104:197-207

201

det[Six,v11z(f)]
det[Sx x|z (f)1det[Syyz(f)]

Cz(H=1- (18)

where

Sxy1z(f) = Sxy(f) — Syz(£)S; 1 (£)Szx (f). (19)

It can be shown that partial block coherence reduces to partial
coherence for univariate stochastic processes. (see Appendix
C for a proof.)

3 Numerical examples

3.1 Model

We consider a three channel system defined as follows:

x@)=ax(t—1)+by —1)+&@),

() =dy@ —1)+n(),

2(t) =gzt = )+ hy(t — 1) + €(2),

where £(¢), n(t), and €(¢) are independent white noise pro-
cesses with zero mean and variances 012, 022, and 032 respec-
tively. We take X{(f) = [x(¢),z(t)]” as one block and
X>(t) = y(¢) as another block. The multivariate stochastic
process comprising these three coupled processes is station-
ary if |a|, |[d| and |g| < 1 (Lutkepohl 1991). It turns out that
block coherence between X (¢) and X, (¢) can be computed
exactly in this case and is given by:

B
()
_ o) (02h* + o3b?)
(14 d? —2d cos(2n f))o2030} + 0y (0Fh? + ofb?)

3.2 Numerical results

We generated 1000 realizations (trials) of the above process
with 5000 points in each trial and for parameter values given
bya=05,b=05d=05g=05h=05ando?, 05
and 032 = 0.01. Assuming no knowledge of the underlying
system, we then fitted a multivariate AR (MVAR) model of
order 1 using standard procedure (Ding et al. 2000). Using
this fitted MVAR model, we evaluated the required spectral
density matrices and subsequently computed block coher-
ence numerically. In Fig. 1, we have plotted both analytical
as well as numerical results and it is clear that there is good
agreement between the two.

3.3 Block coherence versus coherence

Consider the following two examples.

Example 1 Here the system consists of three channels, with
first two channels in block 1 and the last channel in block 2.
The system is defined as

Block Coherence

0.1

0 100 200 300 400 500
Frequency (Hz)

Fig. 1 Comparison of analytically (solid line) and numerically (dashed
line) computed block coherence for the model system

x1(t) = 0.1x1(t — 1) +0.9y(t — 1) + €1 (1), (20)
x2(t) = 0.1x2(t — 1) +0.9y(t — 1) + ex (1), 1)
y(@) = 0.1y — 1) + e3(1). (22)

where the error covariance matrix for above system is given
by

09 06 O
=106 09 0 |. (23)
0 0 09

Clearly, from the Eq. 23, we observe that the channels in
block 1 are instantaneously interlinked.

Example 2 In this case the system is exactly defined as in
Example 1 given by the Eq. 20-22. But the error covariance
matrix is given by

09 O 0
=10 09 0. (24)
0 0 09

This implies the channels in block 1 are not instantaneously
interlinked to each other.

We initially computed the intra block coherence of the
first block for both the cases and this is plotted in Fig. 2.
Clearly, from the figure we see that the intra block coherence
is greater in the case of Example 1. Next, we compared the
mean pairwise coherence (that is, ordinary coherence com-
puted for each pair and then averaged over all possible pairs)
with block coherence between blocks 1 and 2 for both the
examples. From Fig. 3, we observe that mean pairwise coher-
ence is the same in both the cases whereas block coherence
is greater in the second case.

The above examples show that the block coherence
between two blocks of channels decreases if the intra-block
coherence of one of the constituent blocks increases. Thus,
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01} 1

Intra block coherence of block 1

0 50 100 150 200 250 300 350 400 450 500
Frequency (Hz)

Fig. 2 Comparison of intra block coherence of the first block for both
systems. Here dashed line represents intra block coherence of block 1
in Example 1 and solid line represents intra block coherence of block 1
in Example 2

0.9}
0.8}
07} ]
0.6 __//_—

_____
05 | - -

— —— —

N
03}
0.2}

Block coherence/ Coherence

0.1

O 1 1 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Frequency (Hz)

Fig. 3 Plot of mean pairwise coherence and block coherence for both
the systems. Here dashed line represents block coherence in Example 1
and solid line represents block coherence in Example 2. Dotted line
represents the coherence for both examples

block coherence can differentiate between Examples 1 and 2.
But the mean pairwise coherence cannot distinguish between
both examples without studying the noise covariance matri-
ces. This is because block coherence (unlike pairwise coher-
ence) models each block of channels as a realization of a
multivariate stochastic process thus taking into account
the internal relationships between the constituent channels
within the block or region of interest. This is an advantage
for block coherence over coherence specially in the case of
nonparametric estimation where noise covariance matrices
need not be estimated for the computation.

@ Springer

4 Experimental data

A monkey (TIO) was trained to perform a visuomotor task
in the NIMH laboratory of Neuropsychology (Bressler et al.
1993) and the animal care was in accordance with institu-
tional guidelines at that time. Surface to depth local field
potentials were recorded from bipolar Teflon coated platinum
electrodes chronically implanted in the left cerebral hemi-
sphere. The monkey started each trial by depressing a lever
with the right hand. Recording started 115ms prior to the
onset of the stimulus and continued till 500 ms post stimulus.
Each stimulus consisted of four dots arranged in a slanted line
or diamond pattern on a display screen. Monkey responded to
the line pattern by releasing the lever (GO trial) and to the dia-
mond pattern by continuing to hold the lever (NO-GO trial).
Both patterns were presented with equal probability for all
sessions. This stimulus—response contingency was switched
in different recording sessions. We have analyzed the GO tri-
als in this paper. The main interest is on how frontal-posterior
network activity prior to stimulus onset facilitates visuomo-
tor processing.

We focused our analysis on prestimulus data from five
channels. Two channels (D and E) from V4 region formed
block 1 and block 2 comprised three channels (L, M, and
O) from prefrontal (PFC) region (see Fig. 4). The trials were
sorted according to the ascending order of response time,
and divided into 11 groups of 550 trials each, with 500 trials
overlapping with the adjacent groups. A multivariate autore-
gressive model of order 15 was fitted to the data from each
group using LWR algorithm (Morf et al. 1978). Once the
fitted model parameters were available, the spectral density
matrices could be easily computed (Ding et al. 2000). Substi-
tuting these in the expression for block coherence derived
earlier, we obtained a parametric estimate of block coher-
ence for each group.

In Fig. 5, mean block coherence spectrum, averaged over
all 11 groups of trials, is plotted. Also using random permuta-
tion test with 1000 permutations, significance of these values
(at P = 0.01 level of significance) was tested. The P-values
here pertain to a particular frequency. Clearly this induces
a multiple comparison problem over frequencies, which is
confounded by the inherent correlations in block coherence.
In principle, this can be overcome with random field theory
(such as employed in Statistical Parametric Mapping). How-
ever, here, we simply refer to the uncorrected P-values. A
significant peak around 20Hz was clearly seen, indicating
beta-band synchronized activity between PFC and V4.

Next we estimated the maximum block coherence value
attained over the beta band (14-30Hz) for each of the 11
groups. This peak block coherence was plotted against the
mean response time for each group and shown in Fig. 6. The
Spearman’s rank correlation coefficient between the peak
block coherence in the beta band and the mean response
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TIO

Fig. 4 Schematic diagram of electrode placement for monkey TIO.
Data from V4 recording sites D, E, comprising block 1, and prefrontal
recording sites marked O, L, and M, comprising block 2, are analyzed

0.16

0.14 |

0.12

0.1 |

0.08

Mean Block Coherence

0.06

0.04 |

0.02 - - - s - s s s s
0 5 10 15 20 25 30 35 40 45 50
Frequency (Hz)

Fig. 5 Block coherence spectrum between V4 and prefrontal regions,
averaged over different groups of trials sorted with respect to the
response time. Solid line represents the actual value and the dashed
line represents level of significance

time was found to be equal to —0.8000. This negative corre-
lation, statistically significant at P = 0.0114, implies that a
decrease in the block coherence between the channels from
V4 region and the channels from prefrontal region in beta
band leads to an increase in the response time. Recalling an
earlier finding in PFC (Liang et al. 2002), where the negative
correlation between the magnitude of prestimulus beta oscil-
lation and RT led to the interpretation that PFC beta activity
mediates anticipatory attention, the present result using block
coherence can be seen as extending that finding to the PFC—
V4 network.

The above analysis was repeated using mean pairwise
coherence. Similar results were obtained. However, the

0.2

0.18

0.16

0.14

0.12

0.1

0.08

Peak Block Coherence in Beta Band

0.0 : : : : : :
270 280 290 300 310 320 330 340

Mean Response Time (ms)

Fig. 6 A plot of peak block coherence (over the beta band) between
V4 and prefrontal regions against the mean response time. The straight
line corresponds to a least squares fit to the data

computational effort involved in computing block coherence
is smaller. In this particular case, given the small number
of channels involved, the difference in computational effort
is not dramatic. But in cases involving many channels per
block, significant differences in computational effort would
be observed.

5 Conclusions

In this paper, we have studied a measure of coherence, called
block coherence, between two multivariate stochastic pro-
cesses. It is established that it is a valid generalization of the
ordinary coherence to multivariate processes. Two related
quantities, intra-block coherence and partial block coher-
ence, are also defined and their properties studied. Block
coherence can be used to find coherence between two regions
of interest each containing a large number of channels. This
measure offers one major advantage over ordinary pairwise
coherence: It is better able to capture the internal depen-
dencies between constituent channels within a region. When
applied to experimental data, block coherence demonstrates
that synchronized activity in beta band between prefrontal
region and V4 facilitates visuomotor processing.
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Appendix A

We have seen in Sect. 2.1 that if the spectral density matri-
ces Sxx(f) and Syy (f) become singular at a particular fre-

quency f, the block coherence C g(By) (f) is undefined at the

frequency. In this Appendix, we show that C ;BY) (f) is well
defined for all frequencies if X (¢) and Y (¢) can be repre-
sented as finite order stationary multivariate autoregressive
processes. Also we provide an example of infinite order auto-
regressive process where at some frequency f where the

spectral density matrix become singular.

Lemma 1 Let X (¢) be a finite order stationary m dimen-
sional multivariate autoregressive process. Then the spectral
density matrix Sxx (f) is non-singular for all f.

Proof Since X (t) is assumed to be a multivariate autoregres-
sive process, it can be represented as

X =AMXE—1)+AQXE—=2)+ -

+A(P)X( —p)+ EQ), (25)

where p is the order the autoregressive process, A(i)’s are
(m x m) coefficient matrices, and E(¢) is the noise vector.
Since the process is assumed to be stationary, the roots of the
determinental equation

det[l — A()z — AQQ)z2> — - — A(p)2’1=0

lie outside the unit circle (Lutkepohl 1991). As the determi-
nant is a polynomial in z, it can be written as

det[I — A()z — A(2)z> — -+ — A(p)z”]
=(@—-—z)(z—22) - (2—2zp), (26)

where |z;| > 1 foralli = 1,2, ..., p are roots of the poly-
nomial. Now rewriting Eq. 25 and then taking its Fourier
transform, we get

(I — A()e 2 — AQ)e ¥ — ... — A(p)e P 1X(f)
= E(f).

We can write this as

G(HX(f) =E(f),

where G(f) =1 — A(De 27/ — ... — A(p)e—ilﬁﬂf.
Therefore, we have

27)

det[G(f)] =det[] — A(D)z —--- — A(p)z”],

where z = e 2"/ which lies on the unit circle. This is noth-
ing but the determinantal polynomial [cf. Eq. 26] encountered
earlier. Since X (¢) is stationary, the roots z; of the determi-
nantal polynomial lie outside the unit circle. But det[G (f)]
is obtained by evaluating this polynomial at z values lying

on the unit circle. Hence det[G (f)] # 0, Vf. Thus, G(f) is

@ Springer

non-singular and so it can be inverted to obtain the following
expression for X (f):

X(f)=H(HE), (28)

where H(f) = G! (f) and det[H (f)] # 0. Now the spec-
tral density matrix is given by

Sxx(f) = EIX(HX* ()],

where * denotes the Hermitian conjugate. This can be fac-
torized as (Sayed and Kailath 2001),

Sxx(f) = H(/)SH*(f),

where X is the covariance matrix of E(¢). But det[X] >
0 since X (¢) is purely nondeterministic (Rozanov 1967).
Hence

det[Sxx (f)] = (det[H(f)])> det(2) > 0, V.

This proves that Sy x ( f) is non singular for all f. Similarly, if
Y (¢) is also a stationary multivariate autoregressive process
of finite order, Syy (f) is also non-singular. Consequently,
from its definition in 6, C\>)(f) is well-defined for all fre-
quencies. O

(29)

(30)

€1y

We have shown above that the spectral density matrix is
non-singular for all f if the autoregressive process is sta-
tionary and of finite order. Below we give an example of an
infinite order autoregressive process where the spectral den-
sity matrix of the process is singular at a particular frequency.

Example Let X (t) be a vector autoregressive process given
by

D X)) =E®, (32)
=0

where E (t) is noise vector with X as the covariance matrix.

Now the backward shift operator B is defined as
B/E(t) = E(t — j). (33)

Using the backward shift operator, Eq. 32 can be written as

(I + B+ B*+---)X(t) = E(t) which can be simplified to
X(t)=U—-B)E(@®). (34)

Taking Fourier transform on both sides of Eq. 34 we get

X(f) = —1eNHE(f). (35)
Then by using Eqs. 29-30, we get
Sxx(f) = = 1e"ZNHTU — 1e>T)", (36)
where * denotes Hermitian conjugate. Then

. 2
det [Sxx (/)] = (det [1 — 1e—12”f]) det (). (37)

Clearly for f = 0.5, from Eq. 37, Sxx (f) is singular.
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This shows that block coherence (or for that matter, ordi-
nary coherence) might not be well defined for all frequencies
if no conditions are imposed. Even in such cases, block (or
ordinary) coherence is defined for all frequencies except on
a set of measure zero.

Appendix B

In this appendix, we show that Property 6 from Sect. 2.2 is
true. We start with proofs of the following theorems.

Theorem 1 (Hadamard’s inequality) If A = ((@ij))nxn IS
positive semidefinite, then

n
det A < Ha”.
i=1

Furthermore, when A is positive definite then equality holds
if and only if A is diagonal.

(38)

Proof Refer to (Horn and Johnson 1990). O

Theorem 2 The determinant of a positive definite hermitian
n X n matrix considered as a polynomial in its off-diagonal
terms, has only a single extremum. This extremum is attained
when all the off-diagonal terms are zero and it is maximum.

Proof Let H = ((hij))nxn be a positive definite hermitian
matrix. From the hermitean property,

hij=h;i,Vi,j=1,....n,

where & j; denotes the complex conjugate of £ ;. Let us fix
i # j € {1,---,n}. Without loss of generality we can
assume i < j. Considering det H as a polynomial in the
off-diagonal terms of H (while keeping the diagonal terms
of H constant), we obtain the extrema of det H as follows:

hig ki e hyoeeo Ry hig
hip hyp --+ hpi --- hpj oo hoy
gdet H 9 |hu hai - hioeee hijooe hig
dhij — Ohy; :
E haj : E hijj hjn
m hon . m m hnn
hyy o hi hyj—1 hiyj+1 -+ hin
hip haj—1 hajpr --- ho
= (D" hZy oy - hi—1j—1 hi—1j+1 -+ hi—in
hiiv1 hoitr -+ hig1j—1 hit1j+1 - hitana
hin ho hj_in hjvin -+ han
= Hjj. 39)
where H;; denotes the (i, j)th cofactor of H. O

In order to obtain the extremal points, the partial deriva-
tive of det H with respect to off diagonal terms of H is set
equal to zero. Using the above equation, we get

ddet H
0
3h,’j

= H;=0,Vi,jel,--ni#]j (40)

Since the diagonal terms of H are held constant, the above
equation implies that there is only one extremum. Now, H is
positive definite and hence its inverse exists (Hoffman and
Kunze 1971) which is given by
1
—1 _ o
= Gerr (Hi)aa
Evaluating the inverse at the extremal points of det H given
by H;j =0 ( # j), we get
Hyp- 0
L]
det H

: Hnn

Therefore, H ™! is a diagonal matrix and consequently H is a
diagonal matrix at the point of extremum of det H. To sum-
marize, det H has only single extremum and it is attained
at zero off diagonal terms of H. Clearly, at this extremum,
determinant of H is product of its diagonal entries since H
is a diagonal matrix at this extremum. Moreover, from The-
orem 1, det H attains its maximum value at this extremum.

Property 6 We are now in a position to show that Property
6 of block coherence listed in Sect. 2.2 is true. If the spectral
density matrix Syx,y|(f) at a frequency f is positive definite,
then from the above theorem, the determinant of Six,y|(f)
considered as a polynomial in the cross spectral densities,
has only a single extremum at zero cross spectral densities
and this extremum is a maximum. This implies that determi-
nant of Six.y1(f) decreases as the cross-spectral densities
increase. From the definition of block coherence [cf. Eq. (6)]
we see that it increases if det Sx,y1(f) decreases. From the
definition given in Eq. (2), we also see that (ordinary) pair-
wise coherence between X; and Y j increases if the magnitude
of the cross-spectral density Sx,y; increases. Putting every-
thing together, we have proved that block coherence increases
as the pairwise (ordinary) coherences increase.

Appendix C

In this appendix, we show that partial block coherence
reduces to partial coherence for univariate processes. The
fact that it reduces to the traditional partial coherence indi-
cates that block partial coherence can be interpreted the same
way as the traditional partial coherence, namely, it measures
the linear dependence between two blocks of time series at

@ Springer
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a given frequency after the influences from other time series
not in the two blocks have been statistically removed. Let
X (), Y(¢t) and Z(t) be three univariate stochastic processes.
Consider

Six.v11z(F) =Sx.r1(f) = Six.v1z(F)Szz ()~ Szix v (f).

(41)
Expanding Eq. 41, we get
_ [ Sxx () Sxv(S)|
Stxnizf) = [smf) Syy(f)]
T
Sxz(f)| -1 [ Szx(f)
[Syz(f)]szz |:Szy(f):| ’ @

where T represent transpose. Simplifying and substituting
from Eq. 19, we obtain

Sxx1z(f) SXY|Z(f)i|
Syxiz(f)  Syyviz(f) ]’

Now substituting Eq. 43 in the definition of partial block
coherence, we get

C\2 ()
. det[Sxxz(f) — SXY|Z(f)S;;]qz(f)SYX\Z(f)]
det[Sxxz(f)]
Sxviz()Syy 2 (H)Syxi1z(f)
Sxx1z(f)

_ Sxyiz(f)Syxiz(f)

Sxx1z(f)Syyz(f)

|SXY|Z(f)|2

Sxx1z(f)Syyz(f)

= Cxyz(f).

Six.yz(f) = [ 43)

This proves the result.
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